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m ■ Abstract 



. In conventional Maxwell-Lorentz electrodynamics, the propagation of light is 

in 
o 

m . 

the electromagnetic field F by means of a supplementary Lagrangian of the 



X 



T. Still the light can feel torsion if the latter is coupled nonminimally to 



q-i type ~ ^ 2 T 2 F 2 {I = coupling constant). Recently Preuss suggested a specific 

(3J[). nonminimal term of this nature. We evaluate the spacetime relation of Preuss 



in the background of a general 0(3)-symmetric torsion field and prove by 
specifying the optical metric of spacetime that this can yield birefringence 
in vacuum. Moreover, we show that the nonminimally coupled homogeneous 
and isotropic torsion field in a Friedmann cosmos affects the speed of light. 
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I. "ADMISSIBLE" COUPLINGS OF TORSION 



Maxwell's equations dH = J and dF = 0, with the excitation H = (H,V) and the 
field strength F = (E, B), are generally covariant. If supplemented by the Maxwell-Lorentz 
spacetime relation H = \ *F (the star denotes the Hodge operator and Ao the vacuum 
impedance), one arrives at the standard Maxwell-Lorentz vacuum electrodynamics and can 
study for example, the propagation of electromagentic disturbances ("light") in vacuum. 
Clearly, the metric is then the only geometrical quantity light couples to. In particular, 
torsion T a and nonmetricity Q a/3 are completely "transparent" to light, as has been dis- 
cussed, for example, by Puntigam et al. [1]. Light doesn't interact with these fields under 
the assumptions specified. 

Torsion can affect light when either the Maxwell equations dH = J and dF = (at 
least one of them) or the Maxwell-Lorentz spacetime relation H = \ *F are modified. A 
modification of the inhomogeneous Maxwell equation could read [d + (e a \T a )]H = J, with 
the frame e a and the interior product sign J; see in this context [2,3]. This nonminimal 
coupling of torsion to the Maxwell equations we call "inadmissible" [4] since it violates the 
well-established conservation law of electric charge. The same can be said, mutatis mutandis, 
with respect to the homogeneous equation dF = and the conservation law of magnetic 
flux. 

Therefore, we turn to the "admissible" nonminimal couplings that modify the Maxwell- 
Lorentz spacetime relation. One possible example is, see [4]: 



l + 7 2 *(T Q AT a ) *F. (1) 



Such a dilaton type coupling preserves the light cone structure. Other quadratic torsion 
coupling are also possible, see [5] for a complete list. It should be understood that the 
Maxwell equations dH = J and dF = are left intact, with electric charge and magnetic 
flux still conserved, but the spacetime relation (1) with a new constant of nature 7 would 
induce a coupling of light to torsion; here [7] = length. Note that the spacetime relation (1) 
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is still linear in F but a quadratic torsion term emerges; also quartic torsion terms would 
be possible. 



II. PREUSS' COUPLING TO A BACKGROUND TORSION 

Recently Preuss in his thesis [6] and in a talk [7] suggested a different non-minimal 
coupling term. His supplementary Lagrangian 4-form 



L Preuss = A ^*(^AF) T a A F 



(cf. Eq.(1.59) of [6]) corresponds to the spacetime relation 



(2) 



H = An 



F - 2f * (T a A F) T c 



(3) 



since L = — | H A F. The coupling constant t has the dimension of length. Eq. (3) should 
be compared with (1). Both spacetime relations are options but for parity reasons (3) looks 
better. Alternatively, one could also modify (1) by inserting a star within the parenthe- 
sis: 7 2 *(T a A T a ) — >■ 7 2 *(T Q A *T a ). We will not discuss the most general form of such 
quadratic torsion couplings here, see, however, Itin [5]. For concreteness, we confine our 
attention to the Preuss Lagrangian. Hence from now on we assume the spacetime relation 
(3). 

Preuss made his ansatz since he was on a search for new astronomical tests of Einstein's 
equivalence principle. In addition, he took an exact solution found by Tresguerres [8,9] 
within the metric-afnne theory of gravity (MAG); for MAG see the review [10]. The main 
ingredient for these considerations is a 0(3)-symmetric torsion that is given by ($ 01 := Ai? 1 
etc., with d 01 as coframe) 

/ Tj^ 1 \ ( f$ 6i \ 



IO(3) 



(4) 
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We introduced an overall factor in (4) in order to keep the functions /, g, h, k dimen- 
sionless. For the torsion with its 24 components only 4 functions are left open in the case of 
0(3)-symmetry. Preuss took f(r),g(r),h(r),k(r) from [8,9] and computed the correspond- 
ing birefrigence by using a formalism of Haugan and Kauffmann [11] (see also Gabriel et al. 
[12])- 

III. BIREFRINGENCE FOR AN ARBITRARY SPHERICALLY SYMMETRIC 

TORSION 

We have shown in the past (see [13,14]) how one can determine light propagation in an 
arbitrary spacetime by means of a generalized Fresnel equation provided a linear spacetime 
relation H = k(F), or in components H a/3 = | K at3 lS F^s , is specified. Recently, we applied 
this method also to nonlinear electrodynamics, see [15]. Here we demonstrate our procedure 
for the spherically symmetric torsion case, but an extension to axial symmetry is straight- 
forward. In this way we confirm Preuss' results in a more general framework and in a very 
direct manner. 



A. Modified constitutive tensor density of spacetime 



We start by putting (3) into component form. Field strength and torsion decompose as 
F = F aP $ a P/2 and T a = T^ a ^/2, respectively. Then (3) reads 



1 



Ao 



2 1 2 



F aP ^ Q/3 - i 2 \T a A F> 7 ^ 



(5) 



Because of *-# Q/3 = rf^ ^ /2 , here rj a ^ s is the totally antisymmetric unit tensor, we find 



(6) 



Moreover, we decompose the torsion 2-form T M and introduce the components of the Hodge 
dual of the torsion *T a = T^ a ■# /37 /2. Then the constitutive tensor of spacetime becomes 



K. 



j8 



a/3 



A (r ] a ^ 5 -2ff a ^T^). 
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(7) 



x 75a/3 = _ V^^SXu^ (g) 



We can raise the two first indices with the 77 according to the definition (see [13]) 

\/ 9 ^-ySXu K ^ a/3 

Then, after some algebra, we find 
Because of the symmetries 



the tensor density x has 21 independent components. Its totally antisymmetric (axion) piece 

x l^S] = M! ^ ^5 f^ P j,^ ^ (n) 

carries 1 independent component. It is known (see [13]) that the axion does not affect a 
path of light (although the polarization vector feels the axion, see [3]). Hence the principal 
piece x al3yS — x^ 1 ^ alone with its 20 independent components determines the light cone 
structure. 



B. Derivation of the double light cone structure 

After x is known explicitly, see (9), we determine the corresponding TR-tensor density 1 
Q. In holonomic coordinates (natural frames), we have 

gijkl ;= _L imnpg ^ x mnr(i Q^l = g(ijkl) ^ 

(see [13] and [14], for example; in the framework of general relativity, Perlick [16] describes 
related methods). 

For the 0(3)-symmetric torsion of (4), we now choose an orthonormal frame with the 
metric g af 3 = diag(+l, —1, —1, —1). Application of the Hodge star to (4) yields 



The name Tamm-Rubilar tensor density was suggested in [13], see the references given there. 
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•krpCX. 



0(3) 



J 02 17 



/ -f# 23 \ 

\k$ i2 -g$ m ) 



(13) 



(recall that 77 



0123 



—1/y/^g). We read off the following components: 



f^ = -f/£, f^ = h/£, f,/ = k/£, 



f^ = g/e, f^ = k/e, f ( 



02 



-g/t- 



(14) 



We substitute (14) into (9): 



X 



0101 



-A , x dm = x m * = -Ui + 2g 2 ), 



X 2323 = A [l + 2(f - , x 3131 = X 1212 = Ao(l - 2k') , 



3131 



0212 



,1202 



0331 



x =x = -x =-x 



3103 



= -2\ gk. 



(15) 



Obviously, the axion part (11) vanishes for the spherically symmetric torsion: ^N^] — q. 
In 6 x 6 form (the corresponding matrix is symmetric), we have (with the bivector indices 
I, J = 1, . . . , 6 defined as 1 = 01, 2 = 02, 3 = 03, 4 = 23, 5 = 31, 6 = 12) 

\C A 

where the 3x3 blocks read: 

/1 \ /o \ 



(16) 



A = - \r 



l + 2g 2 







\0 l + 2g 2 J 
/l + 2(f 2 -h 2 ) 



B= A 



, C — Ao 
\ 



V 



-2gk 
\0 2gk J 

D = C r . 



(17) 



(18) 



1 - 2k 2 

I -2k 2 ) 

The corresponding Fresnel equation determines the components of the wave covector 
(1-form) qi of the propagating wave: 



Q ljkl m 3 q k qi = 



(19) 



Explicitly, it is found in this case to be 



X 3 



(1 + 2g 2 )ql + Agkq^ - (1 - 2A; 2 )g 2 - [1 + 2(g 2 - k 2 )}(q 2 + q\) 
(1 + 2g 2 )4 + Agk %qi - (1 - 2k 2 )q\ - [1 + 2(/ 2 - fc 2 )]( g f + q 2 ) 



x 



0. 



(20) 



This result was also checked with the help of computer algebra. Thus, we verify that in this 
case we have birefringe, i.e., a double lightcone structure. The respective optical metrics are, 
up to a conformal factor, given by 

\ 



a af} 



l + 2g 2 
2gk 





2gk 
-l + 2k 2 








■1 + 2(k 2 - g 2 ) 








-1 + 2(A; 2 



(21) 



a/3 
9(2) 



l + 2g 2 
2gk 





2gk 
-l + 2k 2 








-l + 2(h 2 -f 2 ) 








-l + 2(h 2 



-P) 



(22) 



IV. TORSION IN FRIEDMANN COSMOLOGY 



As another example, we consider light propagation on the background of torsion in a 
Friedmann universe. The isotropy group is SO (3). The torsion pieces left over after we 
impose the homogeneity and isotropy conditions read, with u = u(t) and v = v(t) (see [17], 
[18], and [19], e.g.): 

/ \ / \ 



rpa I 



•/;„v i; • v,, 1 ^ 

T Q 2 2 ^ 2 + T M 2 ^ 3i 



\u$ m + v$ i2 J 



(23) 



By simple algebra we find 
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u 2 = -T a /T a \, 



v 2 = — Tr fl i T [a/37] 



(24) 



1 



The dual of (23), 

/ 

V$ 2 

allows us to read off the components of the dual of the torsion: 

V = V = V = v(t)/t , = f ri 2 = T i2 s = -«(«)/€. 

We substitute this result into (9): 



(25) 



(26) 



x 6i6i 


_ v 0202 


= x 


2323 

X 


= x mi 


= X 


x 6i23 


= x mi 


= x 



Anfl -2u 2 



X 



X 



3102 ,,1203 



X iZVd = -2X uv. 



(27) 
(28) 
(29) 



In contrast to the spherically symmetric case, here the axion part (II) is nontrivial: x^ 13 "' 5 ^ = 
a e af3 " /5 with the axion field a = — 2A uv. In the 6x6 matrix form (16), the 3x3 constitutive 
matrices now read: 



A ab = - Aq(1 + 2v 2 )5 ab , B ab = A (l - 2u 2 )S ab , C\ = D b a = — 2\ uv5 a b . 



,2\ ra& 



(30) 



As above, we calculate the TR-tensor density Q and check this with the help of computer 
algebra. The corresponding Fresnel equation reads: 



+ 2v 2 ) (1 + 2v 2 )qi - (1 - 2u 2 )(q( + <fi + q() 



= 0. 



(31) 



Perhaps surprizingly we find a single effective light cone: no birefringence, just a different 
speed of light as compared to the case without torsion. Up to a conformal factor, the optical 
metric is obviously 
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a/3 
flopt 



1 + 2v 2 
-1 + 2m 2 
-1 + 2m 2 



V 



















-1 + 2m 2 



(32) 



This result (reduction of the quartic Fresnel surface to a unique light cone) implies that we 
can rewrite the constitutive tensor in the conventional form: 



X — ¥ y Qopt \9opt Qopt 9 op t 9o P t J + ae 



(33) 

with the effective dilaton field ip = A y'(l + 2t> 2 )(l — 2-u 2 ). 

According to the metric (32), photons would propagate isotropically but with a torsion- 
dependent speed. In astrophysical observations, this could show up in a certain deviation 
from the cosmological redshift predictions of general relativity theory. When combined with 
additional studies on the behavior of particles and fields with spin, such observations may 
provide an experimental proof for the existence of torsion. 
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